A Lagrangian describing a gas of ideal pointlike vortices interacting with a quantum gas of spin-0 particles confined in an infinite or finite subset of Ê 2 is derived. Single-and two-vortex dynamics is studied in the special case of a homogeneous gas in infinite and finite systems. Special attention is given to the case of the annulus (ring) for which new analytic and numerical solutions are found. We define the concept of stability radius for single-and two-vortex systems and see that the existence of these radii has great impact on the behaviour of the vortices in the annulus. It is shown that the vortex-vortex pair and the vortex-antivortex pair can display many similar types of solutions because of the existence of the stability radii. Especially an analytic corotating solution similar to the case of a vortex-vortex pair in Ê 2 exist both for the vortex-vortex and vortex-antivortex pair.
Introduction
Several systems in both low temperature and high energy physics exhibit different kinds of vortex solutions [1] - [7] . Because these solutions have many interesting properties, vortices have been extensively studied both theoretically and experimentally [1] - [7] . In a planar system ideal vortices are pointlike objects associated with the first homotopy group of the order parameter field and are thus in the case of a globally U (1)-symmetric field characterised by a single integer, the winding number or topological charge. Planar vortices can be described as point particles in a well known way (for example [8] - [9] ). In the current paper this view of vortices as particle-like elementary objects is chosen. This will force us to leave the effects of the vortex core out of the discussion. This is an approximation that can be taken to be valid when the vortex size of the vortex core is small compared to the dimensions of the whole physical system and the distances between vortices. This is in many actual cases true, and thus pointlike vortices present an at least decent approximation of real vortices. We will also restrict our attention mostly to homogeneous systems. This will leave usessentially with the simple particle theory of eg. [10] .
We will, however, complicate things slightly by taking into account the boundary conditions for the system, as is done previously for some simply connected domains eg. in [11] . We will use a simple Green's function method. As will be seen, considering the boundaries of the system gives especially finite systems very rich and interesting dynamical properties. The vortex state is usually taken to be characterised by an order parameter (or macroscopic wave function) of the form f (r)e iθ+θ0 , where (r, θ) are planar polar coordinates and θ 0 is a constant. Introduction of boundary conditions will in a homogeneous system correspond to solutions of the form f 0 e iθ+θ ′ (r,θ) , where θ ′ is some function satisfying the irrotationality condition ∇ × ∇θ = 0 everywhere. This is a more general definition of a vortex state, which can be generalised even further by allowing nonhomogeneous particle densities.
The finite systems considered here are the simply connected domain of the inside of the unit circle and also the nonsimply connected annulus (ring), considered before in [12] . We will mainly focus our attention to the annulus, reproducing some results of [12] , as well as observing new possible vortex behaviour. We will show that the geometry of the annulus is such that it, to some extent, mixes the roles of vortices and antivortices when studying the dynamics of vortex pairs. This fact has, at least to our knowledge, remained unnoted before. There are two additional facts that makes the annulus an especially interesting system to study. First, a ring shaped BEC, for example, can be produced by creating the condensate in a trap characterised by the "mexican hat" -potential. Second, the annulus is the most simple non simply connected domain in Ê 2 , it has two boundaries and the Green's function for the annulus, needed in our analysis, is quite easily expressed analytically [13] . This enables simple numerics and also some analytic observations of vortex behaviour inside the annulus.
The Green's function method that applied in this paper turns out to be a very convenient tool, mainly because it reduses the study of the vortex behaviour to the fairly simple task of solving the Green's function for the Laplacian operator under simple Dirichlet type boundary conditions. By a simple renormalization procedure we obtain the kinetic energy of the vortices in an arbitrary system as being proportional to the harmonic part of the Green's function in question. The Green's function will also give us the exact form of the interaction between the vortices as well as the interaction between vortices and non-vorticical flows in the system (the Magnus force [14] - [16] ). Because there is a one to one correspondence (up to an additive constant) between the phase of the order parameter and the Green's function, we can obtain the phase structure corresponding to a given vortex configuration easily from the Green's function. This forms a bridge between the particle description of the vortices and the field theoretical description of the system in terms of the order parameter, though we will not study this matter in the current paper.
The paper is organised as follows. In section 2 we will derive the particle theory of planar vortices starting from the field theoretical description of a spin-0 system that could be for example an ordinary BEC or superfluid 4 He by separating the vorticical part from the rest of the Lagrangian. The main result is the exact relation between the Green's function and the dynamics of ideal planar vortices. From this we obtain, among some other results, the well known equations of motion for a system of N pointlike vortices (eg [10] ) as well as a new form, which includes boundary effects, for the Magnus force acting on a vortex [14] - [16] .
In section 3 we use the results of section 2 to gain elementary results for one-and two-vortex systems in infinite systems. In section 4 we will concentrate on the dynamics of one and two vortices inside a circle and in an annulus. For the circle we show that there are essentially four different cases of motion for vortex pairs, two for vortex-vortex pair and two for vortex-antivortex pair. We also note that there are no corotating or stable two-vortex solutions inside a circle. For the annulus, we obtain both analytic and numerical results in accordance with () along with some new results, both analytic and numerical. We will show that there is always such a circle that a single vortex on that circle will remain at rest. Thus there is a stable onevortex-solution (as a matter of fact infinitely many stable one-vortex-solutions) for the annulus. We will also show that there are always stable two-vortex solutions in the annulus. In addition to these solutions we find analytic solutions describing corotating vortex pairs for both vortex-vortex and vortex-antivortex cases. We also explain why (in both analytic and numerical calculations) the vortex-vortex pair can exhibit behaviour characteristic to vortex-antivortex pair in the annulus and vice versa. In section 5 we will conclude the discussion by summing up the results.
Vortices as Elementary Particles in a Planar Quantum Gas
It is well known how to treat vortices as pointlike elementary particles in a 2D quantum system by separating the vortices from the non-vorticical fluid part [8] - [10] . We will, however, briefly review one way in which this separation can be achieved and what the dynamics of the separated system looks like. The starting point is the semiclassical Lagrangian for a 2D superfuid consisting of bosonic particles with zero spin
The function U represents external potentials and V describes particle-particle interactions. Instead of the fields φ and φ * the gas can also be described by hydrodynamical variables ρ and v which are the particle density of the fluid and the velocity field of the particles. With the new variables the Lagrangian can be rewritten as
The hydrodynamical description of the fluid gives rise to a new parametrization. A vector field can be expressed in various ways with the aid of scalar functions and/or other vector functions. We will choose the following parametrization, which is a two-dimensional analogue of the usual Helmholtz-decomposition of a three-dimensional vector field
Function ϕ corresponds to the regular part of the phase of φ. Function A is associated with the irregular part of the phase. The familiar quantization condition for N pointlike vortices with winding numbers {q 1 , . . . q N } in the system leads to a simple expression for A
where the two-dimensional Green's function G has the form
whereG is chosen so that some physically reasonable boundary conditions are satisfied. As is easily seen, we have now divided v into a irrotational part denoted by v pot and completely determined by ϕ, and a rotational part v rot completely determined by A. On the other hand, as seen above, A is completely determined by the vortex positions and so the positions x a (along with the appropriate boundary conditions) determine uniquely the vorticical flows in the system.
After inserting ϕ and A into the hydrodynamical Lagrangian and forming the equations of motion from the usual action principle, we obtain the following Lagrangian
where the vortex system L vortex , interaction L int and irrotational L pot parts are
whereG(x a ) ≡G(x a , x a ). Hamiltonian obtained from this Lagrangian is
The vortices interact with each other with a potential function given by the appropriate Green's function G and the self-energy of a vortex is given by (q a ) 2 ρ(x a )G(x a )/2. The boundary condition satisfied by G must be chosen to be G = const. along the boundary/boundaries of the system. This condition comes from the requirement that there is no flow out of the system. We will choose the constant to be 0. The vortex-vortex interactions are carried by the particle flows in the system. These flows also give rise to the coupling between the vortices and the irrotational part of the system. The equation of motion for the vortices is
The study of vortex motion in the system thus reduces to the hydrodynamical problem of studying the flows in the system. When non-vorticical flows are absent, the problem is to merely find the suitable Green's function with the simple Dirichlet boundary condition and then solve a group of nonlinear differential equations. We can neglect vortex core effects in this way when the distance between vortices is much greater than the size of the vortex core. It is good to take a moment to think about the meaning of the self energy of the vortex. This self energy is the energy of the flows that the vortex causes in to the system. If we had some small radius r core describing the finiteness of the vortex core, a term proportional to log r core corresponding to that constant would enter the self energy of the vortex. This would correspond to an ultraviolet cut-off in the integral over the whole system in the kinetic energy term of the vortex flows in the Hamiltonian. In our coreless treatment the ultraviolet divergence is taken care of by the renormalization procedure. The fact thatG is related to the kinetic energy of the vortex flows is a simple consequence of the properties of the Green's function. Sometimes it is said that a vortex has only kinetic energy, referring of course to the fact that the energy of the vortex is due to fluid flows which are kinetic. But we can look at this from another perspective. In a homogeneous system, the vortex can be interpreted to be moving in a potential
which is defined solely by the geometry of the system (if we consider ρ 0 to be just a known interaction constant and the winding number to be known also), the action of the potential being such that the vortices move along equipotential lines. This view has applications in the quantization of the point vortex system. Let us next study the force acting on a vortex with the label a. It is easily calculated from the Hamiltonian and takes the form
We now see that the force consists of three familiar parts: Non-homogeneous particle density gives rise to a force that is directed towards lower particle densities ( [17] ), the regular partG of the Green's function induces a force toward the direction of lower values ofG (this is the force associated with the self interaction of the vortex) and finally current density flows (including poth rotational and irrotational flows) produce the Magnus force acting on a moving vortex. The self interaction force can be understood to be part of the Magnus force arising from the flows corresponding to the renormalized Green's functionG(x a , x a ). Hence in the case of a homogeneous system all the forces acting on the vortex are of the Magnus type. In systems where the approximation ρ = const. is valid, Magnus force gives a full explanation of vortex behaviour (bearing in mind that the vortex equation of motion is not a typical force-equation). The Magnus force itself will be affected by the form of the Green's function of the system. The correction term to the Magnus force will simply correspond to the self induced flows. The equation giving the value of the Magnus force is easily calculated to be
which is the form obtained through different methods in [14] - [16] . However here the (superfluid) velocity v contains also the self induced velocity field due to the boundary conditions for G, this velocity having the form v
The treatment of the current paper, very classical in its nature, has especially easily given us the superfluid part of the Magnus force (the first part of equation (13)) [16] . From this point on in the current paper, we will assume that the particle density ρ is a constant ρ 0 .
Infinite Systems
We will in this and the next section study the effects of system geometry on the behaviour of a single vortex and vortex pairs in four simple example system. Because the geometry of the system enters the model in the form of boundary conditions to the particle flow, all dynamical changes are essentially due to the behaviour of particle flows near the boundary of the system. The Green's function for the system (that completely determines the rotational flows) most easily incorporates these effects in the theory. For two vortices near each other, the logarithmic term in the Green's function dominates their interaction and so the vortex-vortex interaction at the limit of small distances always approaches the well known logarithmic interaction between vortices. We will make use of the results of [10] , where the symmetries and conservation laws for vortex systems have been studied. Here we will not consider the scale-invariance and the associated conserved quantity but rather focus on making use of the "basic" or geometric symmetries: translation-, time-translation-and rotation-symmetry. Throughout sections 3 and 4 we assume that the winding numbers of the vortices have the same absolute value: |q a | = |q b | for all a, b. In this section we will take a look at two infinite systems.
The Plane Ê 2
In the plane Ê 2 there are no boundaries or boundary conditions for the Green's function. Also, for a single vortex, all points in the plane are equivalent. Thus a physically reasonable form for the Green's function of a vortex in position x 1 with winding number q is
where C is some constant. A single vortex in a system with no background flows stays at its initial position. It is easy to see that this form for the Green's function leads, for the vortex gas, to the usual Hamiltonian giving rise to the Berezinsky-Kosterlitz-Thouless [18] - [19] phase transition. For purposes of studying vortex pairs we will introduce the separation of the
From [10] we know that the two-vortex Hamiltonian (and thus |r s |), the center of vorticity R c and the moment of circulation Θ ≡ q a |x a | 2 are constants of motion. The results for the vortex pairs are familiar. A vortex-vortex pair will perform cosentric motion around a fixed point on a circle of radius |r s |/2 and a vortex-antivortex pair will propagate with constant self induced velocity ( figure 1 (a-b) ).
The Upper Half
In the case of the half-plane the Green's function is
A single vortex will move along a straight line parallel to the boundary. The magnitude of the velocity is given by x −1 2 that is, the magnitude increases when approaching the boundary. The direction of the motion depends on the sign of the topological charge of the vortex.
The Hamiltonian (energy) is still a conserved quantity, but no longer depends only on |r s |. Because of broken translation invariance in the x 2 -direction and broken rotational invariance the only other geometric conserved quantity is R 2 . Motion of the two vortex system is easily studied numerically. In the case of the upper half-plane the vortex-vortex pair will propagate parallel to the x 1 -axis while at the same time performing periodic motion around each other ( figure 1, (c-e) ). The vortex-antivortex pair will quickly separate (|r s | increasing) so that the vortex (|q| = q) will propagate in the −x 1 -direction and the antivortex propagates in the +x 1 -direction while both their trajectories asymptotically approach a line x 2 = constant ( figure 1 (f) ).
Finite Systems
We will now turn our attention to finite systems and notice that the dynamics of the vortex pairs is much richer in these systems than in the infinite examples of the previous section. The first finite system studied is the inside of the unit circle and the second the annulus.
Inside of the Circle S 1
For the circle the Green's function is
where (r, θ) are the polar coordinates. A single vortex will circle around the trap center at a constant angular velocity 1/(2π((1 − r 2 )). Again we notice that the magnitude of the self induced velocity increases when approaching the boundary. A vortex at the center of the circle remains at rest.
Conserved quantities are H and Θ. Let us denote the difference of the distances of the vortices from the center of the circle (r 2 − r 1 ) by r diff . Then we may summarize the properties of the two-vortex solutions inside S 1 by noting that there are essentially four different cases. Vortex-vortex pair will circulate in the same direction (clockwise q 1 , q 2 < 0 or counterclockwise q 1 , q 2 > 0) around the origin. The outer vortex always has a greater velocity and when it passes the inner vortex (θ 1 ≈ θ 2 ) there are disturbances in the trajectories of both vortices. If the initial value of |r diff | is smaller than a certain value that we shall not specify here, these disturbances may cause the vortices to "change roles", that is, r diff may change sign. Otherwise, for large enough |r diff | the trajectory of the inner vortex is affected more. The amount of disturbances in the trajectories always depends on |r diff |. If |r diff | is large enough, the trajectory of the outer vortex is nearly a circle, but for smaller |r diff | this is not the case. For the inner vortex the disturbances in the trajectory may be so significant that the trajectory of the vortex encloses the origin.
When |r diff | is large, vortex-antivortex pair behaves much like a vortex-vortex pair for large |r diff | with one significant difference; the vortex and the antivortex circulate the origin in opposite directions. The details of the trajectories and the nature of the disturbances is also different. For smaller |r diff | the vortex and the antivortex may circulate the origin on very similar paths if r diff does not change sign. If |r diff | is so small that r diff changes sign, we see a new type of behaviour: As the inner and outer vortex change roles with respect to their distance to the origin, they also change their direction of rotation around the origin. The explanation for this behaviour is simple and analogous to the case of the annulus discussed in the next section. Summarizing, the four types of motion for a vortex pair inside S 1 are: 4. vortex-antivortex pair, r diff changes sign (angular velocities have the opposite sign), the case of two separate "loopy" trajectories
For sake of completeness we briefly make note of the following: If the initial conditions for the vortexantivortex pair are such that θ 1 − θ 2 = π, thenṙ a = 0 and we might be tempted to search for special analytic solutions for whichθ 1 −θ 2 = 0. This kind of solution would describe a corotating vortex pair similar to the case of the vortex pair in Ê 2 , or a stationary vortex pair. It is however easy to see that such solutions do not exist inside the unit circle 1 .
The Annulus
The Green's function for the annulus is most easily calculated with the aid of complex analysis. This calculation can be found in [13] . Resulting Green's function can be expressed as
log r 1 log r 2 log η
Here the ϑ i are Jacobi theta fuctions. We have chosen the inner and outer radius of the annulus to be R 1 = η 1/2 and R 2 = η −1/2 , respectively, so that the ratio of the inner radius to the outer radius is given by the parameter 0 < η < 1 appearing in the theta functions. It is good to notice that the usual logarithmic divergence is hidden in the fact that ϑ 1 has a first order zero at the origin. There are also no other zeros inside the logarithm. Because of the relation R 1 R 2 = 1 we have to keep in mind that the inner and outer radii of the annulus are often hidden in the formulas but may easily be re-inserted with the aid of a simple dimensional analysis. Particularly important quantities are the ratio of the inner and outer radii, the geometric mean √ R 1 R 2 of the radii (which has the value 1 in the units we have chosen) and the stability radii, to be defined below.
The behaviour of a single vortex is obtained as in the cases discussed in the previous section. The result for the self induced flow is
Thus the vortices move along a circle as predicted already in (). When r → R 1 , v self → +q∞ and when r → R 2 , v self → −q∞. This and the fact that v self is a continuous function of the variable r in the interval (R 1 , R 2 ) tells us that there is always at least one circle where v self is zero. At such a circle a single vortex will remain at rest. We will call a circle with this property a stability circle. Because sign(qv self (r = 1)) = sign(q) there is a stability circle outside the unit circle. It is not difficult to show that this stability circle is in fact the only stability circle. We will denote the value of r at the stability circle with R S and call it the (single vortex) stability radius (3 (a) ). The direction of the motion of a single vortex depends both on its winding number and wether it is positioned inside or outside the stability circle. It is obvious that an analytic expression for the stability radius is impossible to find, but numerically R S is easily solved. In terms of the radially symmetric one-vortex Hamiltonian, which can be written as
the circle r = R S corresponds to a degenerate minimum value of the energy (3 (b)). From the last term in (22) we see that the energy of a single vortex approaches infinity when approaching either one of the boundaries. Constants of motion are H and Θ. Explicit equations of motion for an N -vortex system in an annulus can be calculated from equations (3), (4), (11) and (20). The result in polar coordinates iṡ
These equations can easily be numerically solved for two-vortex systems. However, some special cases for the two-vortex system have analytic solutions. We will first take a look at their properties.
It is easy to see that when the condition θ 1 (t) − θ 2 (t) = π is met, the system has simple analytic solutions for whichθ 1 −θ 2 = 0.
2 For a vortex-vortex pair this kind of solution is achieved if the initial conditions are θ 1 (0) − θ 2 (0) = π and r 1 (0) = r 2 (0) = 1 which corresponds to a vortex-vortex pair moving on the same circle with constant angular velocity.
3 . Putting r 1 = r 2 ≡ r and θ 1 − θ 2 = π inθ 1 gives the angular velocity of the
When r → η 1/2 the function in the square brackets on the righthandside of the above equation approaches −∞. This along with the fact that for r = 1 it takes the value 1/(4π) > 0 tells us that there is a circle inside the unit circle for which the vortex-vortex pair with angular separation π remains at rest. We call the radius of this circle the vortex-vortex stability radius and denote it with R ++ S (or R −− S , depending on the sign of the winding numbers). We have thus shown that for a vortex-vortex pair in an annulus there always exists infinitely many corotating solutions and also a stable solution.
Next we show that there are also analytic solutions describing a corotating or a stable vortex-antivortex pair in the annulus. The conditions θ 1 − θ 2 = π andθ 1 =θ 2 lead us to search for solutions to the equation
where the function
We see that f satisfies f (r 1 , r 2 ) = f (r 2 , r 1 ) everywhere. For all values of r 1 ∈ (η 1/2 , η −1/2 ) the following statements hold: r 2 → η 1/2 ⇒ f (r 1 , r 2 ) → +∞ and r 2 → η −1/2 ⇒ f (r 1 , r 2 ) → −∞ this and the fact that f is continuous as a function of r 2 for any fixed r 1 ∈ (η 1/2 , η −1/2 ) proves that there exists a r 2 for every r 1 ∈ (η 1/2 , η −1/2 ) such that (26) is satisfied. Thus there are infinitely many corotating vortex-antivortex solutions (corresponding to each initial value of r 1 in the annulus) for every η. These solutions can be found numerically.
Let us assume the pair (r 1 , r 2 ) satisfies (26). Then it is easy to see thatθ 1 +θ 2 = 0 is also satisfied if r 1 = r 2 . This is a stable vortex-antivortex solution that corresponds to a maximum value of the two-vortex Hamiltonian. Putting r 1 = r 2 ≡ r in f gives the equation
Equation (28) has a unique solution for all η ∈ (0, 1). Thus the stable vortex-antivortex solution that maximizes the two-vortex energy always exists in the annulus. The value of r corresponding to this solution is called the vortex-antivortex stability radius and we will denote it with R +− S . We will call the quantities R The fact that we have been able to find these similar analytic solutions for both kinds of vortex pairs is sligthly surprising. This can however be explained intuitively by considering the geometry of the annulus. Two properties of the annulus (of course related to each other) are essential: The annulus is not simply connected and the annulus has two boundaries. The first property has a profound consequence most simply illustrated by the vortex-vortex pair. We may think that the interaction between vortices is transmitted by the flows of the original system (BEC, superfluid or something else), or more simply that the interaction is transmitted only through where the system exists (ρ = 0), in this case the annulus. Thus we may think that vortex 1 interacts with vortex 2 through two different routes, "striking" at vortex 2 from both directions θ → θ 2 − and θ → θ 2 +. With this heuristic thought in mind it is not surprising that vortices on exactly opposite sides of the origin corotate or stay still, the interactions from θ− and θ+ essentially cancel each other and all that is left is a self-induced velocity for the vortex pair, similar to the self-induced velocity of a single vortex in the annulus, this self-induced velocity vanishing in the stable case.
The two boundaries of the annulus have the following consequence: The harmonic part of the Green's function must satisfy the symbolic relationG(x 1 , x 1 ) =G(x 1 ) = ∞ on both boundaries. This and the finiteness ofG inside the annulus directly implies thatG(x 1 ) must have a minimum value that corresponds to a stable vortex solution. Because of the radial symmetry of the annulus this solution is infinitely degenerate and, as seen before, corresponds to a single circle cosentric to the circles bounding the annulus. The existence of this circle blurs the difference between vortices and antivortices, because the sign of the rotation of the vortex around the origin depends on wether it is inside or outside the stability circle. Adding more vortices to the system may change the values of the stability radii but does not remove their existence. Thus a vortex-antivortex pair that is positioned so that the other vortex is inside the stability circle and the other outside the stability circle may act similarly to a vortex-vortex pair. The reverse is also true, a vortex-vortex pair may act similarly to a vortex-antivortex pair in the annulus. Thus, as stated before, in the annulus the vortices and antivortices have more flexible roles than in the infinite systems of chapter 3 or inside a circle.
Because of these properties of the annulus and on the other hand the similarities between the annulus and the circle we expect both the vortex-vortex and the vortex-antivortex pair to exhibit similar behaviour to all of the four basic solutions for the vortex pairs inside the circle. The only exception is the solution type 4 of the previous subsection, which does not exist for the vortex-vortex pair, because the self-induced velocities in this case prevent this type of solution. We however find other types of new solutions. We may note that in the annulus the amount of variety found in the trajectories is much richer then for the case of the inside of S 1 . These observations are verified by solving the equations of motion for the vortex pairs numerically, using a standard adapotive stepsize Runge-Kutta method, with different initial conditions. We will choose the value of η to be 1/3, since then the annulus is similar to that used in [12] (scaled by a factor of ≈ 1.1547), where the inner radius was chosen to be 0.5cm and the outer radius 1.5cm. We notice that a very important quantities, as expected, are the two-vortex stability radii R Figures 4 (a-e) are the same cases as in [12] in the figures 1-5, respectively. Figures 4 (e-f) show how sensitive the solutions are to initial conditions. In figures 5 and 6 we see the effect of the stability radii for the two-vortex solutions. The dashed circle in these figures is the circle r = R ++ S for a vortex-vortex pair and the circle r = R +− S for a vortex-antivortex pair. All the numerical solutions are quite sensitive to initial conditions due to the heavy nonlinearity of the equations of motion.
Conclusions
We have derived, starting from the Lagrangian describing a spinless nonrelativistic quantum gas, a Lagrangian describing a gas of ideal pointlike vortices interacting with the inhomogeneous gas. From this Lagrangian we have obtained all the forces acting on the vortices as well as the equations of motion for the vortices. In the homogeneous case we have studied both analytically and numerically single-vortex and two-vortex dynamics for infinite and finite systems. We have obtained the elementary results for a single vortex and vortex pairs Ê 2 and Ê 2 + . We have shown that there are no corotating or stable two-vortex solutions inside the circle. We have classified the basic types of two-vortex motion inside the circle. We have found analytic solutions for a single vortex in an annulus. We have also found analytic solutions for both a vortex-vortex pair and a vortexantivortex pair in the annulus. These analytic solutions describe a rotating single vortex, a stable single vortex, a corotating vortex-vortex or vortex-antivortex pair and a stable vortex-vortex or vortex-antivortex pair. We have studied numerically the motion of vortex pairs in the annulus for different initial conditions and discovered a great variety of possible types of solutions. We have also seen that for the annulus a vortex-vortex pair and a vortex-antivortex pair can exhibit quite similar behaviour because of the existence of special stability radii. We have seen that the dynamics of vortices can be greatly affected by their location with respect to the circle defined by the stability radius of a given system.
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